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Abstract. The model of economic dynamics, consisting of two units that produce, 
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equilibrium state of the model. The technique of superlinear mappings is used. The types of 
equilibrium model are defined. 
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1. Introduction 
 

Consider the two-product model tZ of the economic dynamics. The first 
unit produces the means of production, and the other objects of commodities. The 

vector ( )2221 ),( +∈= Rxxx  is a model state: here ( ) iiii KRLKx ;, 2
+∈= are the 

main funds, iL  - labor force in the i -th division )2,1( =i . Production activity of 
the i -th sector at the time t is described by the production function ++ → RRF i

t
2:

and safety coefficient )2,1(10 =<≤ ivi
t of the funds [1,2,6]. 

 The rate of the salary which coincides in the first and in the second 
divisions is assumed known. Switching from state ( )2211 ,,, ttttt LKLKx = to state 

( )2
1

2
1

1
1

1
11 ,,, +++++ = ttttt LKLKx is possible if 

 
 ( )11122112

1
1

1 , ttttttttt LKFKvKvKK ++≤+ ++ ,    (1) 

 ( ) ( )2222
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1
1 , tttttit LKFLL ≤+ +++ω ,      (2) 
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)2,1,(0 => jiC ij
t  

 Here the coefficients ij
tC  stand for the the product number of the i -th 

division that is necessary for producing the unit product of the j -th division at the 
moment t . Denote by ta  productive mapping of the model [3,5]. The set  )( tt xa   
consists of the vectors 1+tx , for which the relation (1) and (2) are valid.  
 2. Main results. Investigating the model tZ  we use the simple superlinear 
mappings [3,5]  of the form  

( ) ,,min,0,0,),( 21
111111















+≤+≥≥=

C
L

C
KvKLKLKLKLK ωσ   (5) 

where 0,0 21 >> CC    [2,4]. 
 We write Neumann-Gale model [4] Z , defined by the mapping σ  in the 
form ),,,( 21 CCZ ωσ= . 
 Consider the function  

 0,1,min)( 21 >





= ηηη

CC
f .     (6) 

Lemma 1. Let  

 ,0,)()( >
+
+

= η
ωη
ηηη fvg      (7) 

where ω,v  are some constants. Then if ,1
2C

v <ω  the function g  attains its 

minimum in the interval ),0( +∞ , moreover at the only point 2

1

C
C

=η . If 

2

1
C

v ≥ω , then the function g  strictly increases in this interval.  

 Proof. Using (2) and (3) we get 
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Consider the function 
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 The function  )(ηQ   increases and 1
1)(lim,0)0(

C
vQQ +==

+∞→
η

η
. The 

function )(ηΦP  by  2

1
C

v <ω  decreases and vPP =>
+∞→

)(lim,0)0( η
η

. 

Moreover both these functions are continuous.  From these properties of the 
functions )(),(Q ηη P  and from (8) it follows that the maximum in  (8) is reached 
at the point η  that indeed a solution of the equation  

).()(Q ηη P=  

It follows from this that 2

1

C
C

=η . If 2

1
C

v ≥ω , then )(ηP  and the function ( )ηg  

increases in the interval ( )+∞,0 . Lemma is proved.   
 Take ( )21,,, CCvZ ω= . Here and later on we’ll use the denotations  
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It is easy to derive     )(sup)(
0

ηα
η

gZ
>

=   (11)   from the proof of Lemma 1   

where g  is a function defined by formula (8).  
 Note. Later we shall consider the product function of the form 

( ) 





= 21 ,minLK,F

C
L

C
Kb . Since considering Lemma 1  in the virtue of  

Lemma1 the number η  depends not on the coefficients 21 , CC  but their ratio, for 
the mentioned functions  η  does not depend on b . 
 Proposition 1.  Consider the model ( )21 C,C,,Z ων= .  Let the point 

),( LK be  such that  
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and 1LK =+ω . Take ),1( ω=p . Then the triplet ),),(( pxZα  forms the 
equilibrium state for the model ),,,( 21 CCv ω  and 

1) if ,1
2C

wv < then 21

2

21

1

,
CC

CL
CC

CK
ωω +

=
+

=       (13) 

2) if ,1
2C

v ≥ω  then 0,1 == LK .  

Proof. It is clear that 
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By 2

1
C

v <ω  in the virtue of Lemma 1 supremum in (11) is reached at 

2

1

)(
C
CZ =η . Let the vector ),( LKx = is such that  

L
KZ =)(η , ;1=+ LK ω  

Since 2

1

)(
C
CZ =η  it is easy to check that LK ,  are calculated by the formula 

(13). 

 If 2

1
C

v ≥ω   then following Lemma 1 the function )(ηg  increases in the 

interval ( )+∞,0 , and from this we get )0,1(),( =LK . The triplet ),),(( pxzα  is 
an equilibrium state if the following relations are true:  
1) )()( xaxZ ∈α , where );,( LKx =  
 2) ],)[(],[ xpZyp α≤ for );(xay∈   
3) 0],[ >xp . The last inequality is obvious.  
The first relation immediately follows from   (5).  
 Now we show that for all ( )xay∈  the inequality ],)[(],[ xpZyp α≤ is 
valid. Let ),(),,( LKyLKx ′′== . Then from (5) we have 
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Proposition is proved.  
 First let us consider the stationary case of the model tZ given above: 

ijij
tt

ii
t CCvv === ,, ωω  for all 2,1,,...;2,1,0 == jit . In this case the model tZ

turns to Neumann-Gale model Z [4].  
 One way to construct a trajectory in the model Z is the use of equilibrium 
mechanisms [3]. We describe these mechanisms. Assume that the vector of prices

( )2, ppp 1= is given. Without loss of generality, we assume that the price of the 
funds is 11 =p ; it is prefer to write  2p as ωbp =2  and then we have 

),,1( ωbp =  where 0>b . Consider the expected combined wealth of the divisions 
at these prices and vector resources ( )LK,x =  
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    (15) 

 Then 1W and 2W are considered as utility functions of the production 
units. Let ( )LK,  be a vector distributed resources, 21,λλ be given budgets of the 
units. Consider the equilibrium model M with fixed budgets, determined by the 
quantities  ),(,,,,W 2121 LKW λλ . 
 Let  

( ) ,,, 21

11
1

C
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L
KLK,X === χχ 222

2
211

1
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12
2 ,1,

Cv
bu
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u
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===χ . (16) 

 Assume that ),,( 21 xxq is an equilibrium state of this model, i.e.  
Xxx1 =+ 2 and the vector ix  is a solution of the problem  

 max),( →pxW i      (17) 
with condition ).2,1(],[,0 =≤≥ ixqx iλ        
Denote by such a vector ix  that 1],[ =ixq   and  
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Then the equilibrium vector ix  has a form  
 )2,1( =λ= ixx iii       (19) 

 Let us show the form of an equilibrium state depending on the assets

L
K

=χ  of the state  ),( LK  and parameter 2

1

λ
λ

=µ . Let ( )21,qqq =  be 

equilibrium prices. First of all let us note that 01 >q . Really, if 01 =q  then 
02 >q  and the problems (17) turn to 

+∞=
λ≤

),(max
2

pxW i

Lq i
, 

and this contradicts  to  the definition of equilibrium. In this way 
 01 >q .        (20) 

Consider the model 
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As is shown in Lemma 1, the last maximum is reached on the assets 
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 Since is always true the user tasks (21) and (23) may have solutions (22) 
and (24) respectively, it becomes possible to describe the state of equilibrium of 
model M . The following numbers )2,1(,,, =iuiiχµχ  used below  are defined 
by (16). 
 Suppose ( )21,, xxqE =  is an equilibrium state of the model M , 

( )21,qqq = are equilibrium prices. We say that this equilibrium is of type 1E  if 

02 =q , of type ,2E  if 1
1

2
2 u

q
qu <≤ , of type ,3E  if 2

1

2
1 u

q
qu <≤ and of type 

4E , if ),min( 21
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uu
q
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< . 

 Theorem 1. The model M may have only 32 ,, EEE1  and 4E types of 
equilibrium.  And the equilibrium  1E  where  
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The equilibrium 4E , where  
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 Note 1. More interesting the case is when )2,1(0,0,0 =≠≠≠ iqLK iii  
takes place in the equilibrium. This case is possible only under the condition (26) 
or (27) (see Fig. 1, Fig.2). 
 On the Fig.1 (correspondingly Fig.2) the set of points ),( χµ  is given, by 
which the equilibrium 432 ,, EEE is realized for the case 12 χχ <  ( 21 χχ < ). 
 Note 2. If the pair ),( χµ  does not belong to one of these sets given in 
Figure 1 and Fifure 2 then in the corresponding model M  there exists only semi-
equilibrium, i.e. a such vector of prices q may be found that only the inequality 

Xxx ≤+ 21 is fulfilled and Xxx ≠+ 21  for the vectors 21, xx that are  solutions 
of the  
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Figure 1. 
 

 
Figure 2 
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РЕЗЮМЕ 
  

   Рассматривается двухсекторная модель экономической динамики, 
производящих соответственно средства производства и предметы потребления. 
Исследуется состояние равновесия модели с применением аппарата 
многозначных отображений. Определяются состояния равновесия модели.  

  Ключевые слова: равновесие, эффективные траектории, супер линейные 
отображения, производственные функции.   
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